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ON THE COMMON PRIME DIVISORS OF POLYNOMIALS
OLLI JA¨RVINIEMI
Abstract. The prime divisors of a polynomial P with integer coefficients are those
primes p for which P (x) ≡ 0 (mod p) is solvable. Our main result is that the common
prime divisors of any several polynomials are exactly the prime divisors of some single
polynomial. By combining this result with a theorem of Ax we get that for any system
F of multivariate polynomial equations with integer coefficients, the set of primes p for
which F is solvable modulo p is the set of prime divisors of some univariate polynomial.
In addition, we prove results on the densities of the prime divisors of polynomials. The
article serves as a light introduction to algebraic number theory and Galois theory.
1 Introduction
Let P be a polynomial with integer coefficients. A prime p is said to be a prime divisor
of P if p divides P (n) for some integer n. What can we say about the prime divisors of
P?
By an elementary argument one can prove that the set of prime divisors of P , denoted
by S(P ), is infinite for non-constant P (see [12], Theorem 2 for a proof). Much more
is true. The celebrated Chebotarev density theorem (or the weaker Frobenius density
theorem) proves that the density of S(P ) with respect to the set of prime numbers is in
fact positive (see [10]). This is discussed in more detail later.
For linear polynomials P (x) = ax+ b one easily sees that p ∈ S(P ) for all p except for
those which divide a and not b. For polynomials P of degree two there also exists an explicit
description of the set S(P ), which can be proven by applying theory of quadratic residues.
For example, the set S(x2 + 1) consists of all primes p congruent to 1 (mod 4), and in
addition the prime p = 2. In the general case of an arbitrary P no explicit description of
the set S(P ) is known. The characterization of S(P ) by congruence conditions has been
considered in [15]. See [4] for discussion on the general case.
One may then ask about the characterization of other similarly defined sets. For ex-
ample, what does S(A) ∩ S(B) look like for polynomials A and B? It has been proved
by Nagell that S(A) ∩ S(B) is infinite for any non-constant A and B ([12], Theorem 3),
and the proof generalizes for an arbitrary number of polynomials.1 In ([6], Theorem 10)
it has been proved that for many types of A and B there exists such a D ∈ Z[x] that
S(A)∩ S(B) = S(D). Our main result is that in fact for any A and B there exists such a
D.
Note that the set S(A) ∩ S(B) is the set of those primes p for which the system{
A(x) ≡ 0 (mod p)
B(y) ≡ 0 (mod p)
1See [13] for the original proof by Nagell.
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of congruences has an integer solution. In general, for multivariate polynomials F1, F2, . . . , Fm
in the variables x1, . . . , xn one can consider the set of primes p for which the system
F1(x1, . . . , xn) ≡ 0 (mod p)
F2(x1, . . . , xn) ≡ 0 (mod p)
...
Fm(x1, . . . , xn) ≡ 0 (mod p)
has an integer solution. By a combination of our main result above and a result of Ax
([1], Theorem 1) we prove that the set of these p is again merely the set S(D) for some
polynomial D (in one variable) with integer coefficients.
The structure of the article is as follows. We first define a bit of notation below. We then
state our results. We give an intuitive explanation on why the main theorem is true after
presenting the necessary preliminaries. We then prove the main theorem. Finally, some
density problems are considered, starting by introducing the Frobenius density theorem.
By Z[x] we denote the set of polynomials with integer coefficients, and Zc[x] denotes
the non-constant polynomials of Z[x]. In general, K[x] denotes the set of polynomials
with coefficients from K. The letter p will always denote a prime number, and the letters
n,m, k refer to integers.
The (natural) density δ(S) of a set S consisting of primes is defined as the limit
lim
x→∞
|{p : p ≤ x, p ∈ S}|
|{p : p ≤ x, p is prime}| .
This limit does not necessarily exist. However, for the sets we consider the limit always
exists, as we will see from the Frobenius density theorem.
For further reading on related topics we suggest [3], [7], [8] and [11].
2 Results
As mentioned above, the main result concerns the common prime divisors of several
polynomials.
Theorem 2.1. Let n be a positive integer, and let P1, P2, . . . , Pn ∈ Z[x] be arbitrary.
There exists a polynomial D ∈ Z[x] such that
S(D) = S(P1) ∩ S(P2) ∩ . . . ∩ S(Pn).
The proof of the theorem is constructive. Furthermore, the constructed D has degree
T = deg(P1) · · · deg(Pn), which in some cases is the minimal possible.
The next theorem is the generalization for systems of polynomial congruences.
Theorem 2.2. Let n and m be positive integers. Let F1, F2, . . . , Fm be polynomials in
the variables x1, . . . , xn with integer coefficients. There exists a polynomial D ∈ Z[x] such
that the system 
F1(x1, . . . , xn) ≡ 0 (mod p)
F2(x1, . . . , xn) ≡ 0 (mod p)
...
Fm(x1, . . . , xn) ≡ 0 (mod p)
of congruences has a solution if and only if p ∈ S(D).
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The next results concern the densities δ(S(P )). The first one proves a lower bound for
the density of the common prime divisors of several polynomials.
Theorem 2.3. Let P1, . . . , Pn ∈ Zc[x] be given. We have
δ (S(P1) ∩ . . . ∩ S(Pn)) ≥ 1
deg(P1) · · · deg(Pn) .
We also give a family of non-trivial examples of equality cases.
We then prove that one can under additional assumptions calculate the density of
S(P1)∩ . . .∩S(Pn). These assumptions concern the splitting fields of Pi and their degrees,
which are defined later on.
Theorem 2.4. Let P1, . . . , Pn ∈ Zc[x] be given. Let Fi be the splitting field of Pi, and let
F be the compositum of the fields Fi. Assume that we have
[F : Q] = [F1 : Q] · · · [Fn : Q].
Then,
δ (S(P1) ∩ . . . ∩ S(Pn)) = δ(S(P1)) · · · δ(S(Pn)).
This density is what one would expect, and corresponds to the definition of the inde-
pendence of random variables.
Finally, we prove that all rational numbers between 0 and 1 occur as densities. The
converse direction has already been solved by the Frobenius density theorem.
Theorem 2.5. Let r be a rational number between 0 and 1. There exists a polynomial
P ∈ Z[x] such that
δ(S(P )) = r.
3 Preliminaries
We refer the reader to the textbooks of Lang [9] and van der Waerden [17] for more
comprehensive expositions of the theory of field extensions. Here we only present the
prerequisites needed to prove our results.
A complex number α is called an algebraic number if there exists some non-constant
P ∈ Q[x] such that P (α) = 0. To an algebraic number α we associate its minimal
polynomial. This is the non-constant monic polynomial P ∈ Q[x] with the minimum
possible degree such that P (α) = 0. For example, the minimal polynomial of
√
2 is x2−2.
Any rational number q is algebraic with minimal polynomial x− q.
Note that the minimal polynomial P is unique. Indeed, if P1 and P2 are non-constant
monic polynomials in Q[x] such that P1(α) = P2(α) = 0, deg(P1) = deg(P2) and P1 6= P2,
then P1−P2 is non-constant, has degree smaller than deg(P1), satisfies P1(α)−P2(α) = 0
and is monic after multiplying by a suitable constant.
If P is the minimal polynomial of α, then for any polynomial Q with rational coefficients
satisfying Q(α) = 0 we have P |Q. This is proven by the division algorithm: write Q(x) =
P (x)T (x) +R(x) with deg(R) < deg(P ). We have R(α) = 0, so by the minimality of the
degree of P we must have R = 0.
We then prove that the minimal polynomial P of α is irreducible over Q. Assume the
contrary, and write P (x) = Q(x)R(x) for Q,R ∈ Q[x] non-constant. We may assume that
Q and R are monic. Now 0 = P (α) = Q(α)R(α), so either Q(α) = 0 or R(α) = 0. This
contradicts the minimality of the degree of P . Conversely, if P ∈ Q[x] is monic, irreducible
and satisfies P (α) = 0, then P is the minimal polynomial of α, following from the result
of the previous paragraph.
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For an algebraic number α we denote by Q(α) the set of numbers of the form
q0 + q1α+ . . .+ qd−1αd−1,
where q0, . . . , qd−1 are rational numbers and d is the degree of the minimal polynomial
P of α. A sum of two such numbers is of such form, and it is not hard to see that the
product of such numbers is also of such form, as from the equation P (α) = 0 we obtain a
method to calculate αn in terms of 1, α, . . . , αd−1 for all n ≥ d. More formally, one may
prove by a straight-forward induction that αn may be expressed as a linear combination
of 1, α, . . . , αd−1 for any n ≥ d.
Also, if x ∈ Q(α) is not equal to zero, we have 1x ∈ Q(α). We present a direct proof.
We first claim that there exists rationals q0, q1, . . . , qd, not all zero, such that
q0 + q1x+ . . .+ qdx
d = 0.
Indeed, each power of xmay be written as a linear combination of the d numbers 1, α, . . . , αd−1.
This linear combination can be thought as a d-dimensional vector. Since no d+ 1 vectors
of dimension d can be linearly independent, there are rationals qi satisfying the conditions.
Let i be the smallest index for which qi 6= 0. We now have
qi+1x
i+1 + . . .+ qdx
d = −qixi.
Since x 6= 0 and qi 6= 0, we may divide both sides by −qixi+1. The left hand side is now
a polynomial in x, which we know to be in Q(α), while the right hand side is 1x . Thus,
1
x ∈ Q(α).
We may write the above results as follows: Q(α) is a field. Recall that a field is a set
of elements equipped with addition and multiplication. The addition and multiplication
are assumed to be associative and commutative, to have neutral elements and to have
inverse elements. Finally, we connect additivity and multiplicativity by the distributive
law: a(b+ c) = ab+ ac.
We further emphasise the fact that Q(α) contains the field of rational numbers Q inside
of it by saying that Q(α) is a field extension of Q. To a field extension Q(α) we define its
degree as the degree of the minimal polynomial of α. The degree of Q(α) is denoted by
[Q(α) : Q]. Intuitively, the degree of an extension tells how “large” the extension is.
So far we have only focused on the rational numbers and its extensions. We may,
however, further extend the field Q(α) by adjoining an algebraic number β to it. One may
define a minimal polynomial over Q(α) similarly as we did above for Q and prove that the
set of polynomial expressions of α and β form a field. We omit the details, as the proofs
are so similar to the ones above. The obtained field is denoted by Q(α, β).
The primitive element theorem tells that for any algebraic numbers α and β the field
Q(α, β) has the same elements as Q(γ) for some suitable choice of γ. Thus, adjoining two
algebraic numbers to Q may be done with just one algebraic number, and by induction
this result generalizes for an arbitrary number of algebraic numbers.
We conclude this section by proving the primitive element theorem. The proof we give
is based on the one given in ([17], Section 6.10). Let α and β be given algebraic numbers.
Let λ be a rational parameter, and define γ = α+λβ. We prove that for all except finitely
many choices of λ we have Q(γ) = Q(α, β), which proves the theorem. Note that Q(γ)
is a subfield of Q(α, β), so we focus on proving the other inclusion. For this it suffices to
prove β ∈ Q(γ), as we then also have α = γ − λβ ∈ Q(γ).
Let F be the minimal polynomial of β over Q(γ). We will prove that F has degree 1,
which implies the claim. The idea is to construct two polynomials both of which F divides
and whose greatest common divisor has degree 1.
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Let f and g be the minimal polynomials of α and β over Q. Since g ∈ Q[x] ⊂ Q(γ)[x]
and g(β) = 0, g is divisible by F . If we now define
h(x) = f(γ − λx) ∈ Q(γ)[x],
then h(β) = f(α) = 0, so h too is divisible by F .
It remains to show that the greatest common divisor of g and h has degree one. Assume
not. Since g is the minimal polynomial of β over Q, it can’t have β as its double root
(as otherwise the derivative g′ of g would have β as its root, and thus g wouldn’t be the
minimal polynomial of β). Thus, there must be some β′ 6= β for which g(β′) = h(β′) = 0.
By the definition of h this implies
f(α+ λβ − λβ′) = 0,
so α+ λβ − λβ′ equals α′ for some root α′ of f . We now get
λ =
α′ − α
β − β′ .
Since the roots α′ and β′ attain only finitely many values, we have obtained a contradiction
assuming λ does not belong to a finite set of exceptional values.
4 Motivation behind Theorem 2.1
Let A(x) = x2−2 and B(x) = x2+1. We prove that there exists a polynomial D ∈ Z[x]
such that S(A) ∩ S(B) = S(D).
Note that α :=
√
2 is a root of A and β := i is a root of B. We choose D to be the
minimal polynomial of
√
2 + i. We first prove that D(x) = x4 − 2x2 + 9. Note that D is
monic and irreducible.2 We now check that D has α+ β as its root.
For simplicity, let γ = (α + β)2. Opening the brackets and using α2 = 2 and β2 = −1
we get
γ = 2αβ + 1.
Now,
D(α+ β) = γ2 − 2γ + 9 = (−7 + 4αβ)− 2(2αβ + 1) + 9 = 0,
as desired.
We now prove one direction of our claim, namely that S(A) ∩ S(B) ⊂ S(D). Let
p ∈ S(A) ∩ S(B) be given, and let A(a) ≡ B(b) ≡ 0 (mod p). The idea is that a
corresponds to “
√
2 modulo p”, and similarly b corresponds to i. Indeed, we may replicate
the proof above in this context. Let c = (a+ b)2. By using a2 ≡ 2 (mod p) and b2 ≡ −1
(mod p) we get
c ≡ 2ab+ 1 (mod p).
Therefore,
D(a+ b) ≡ c2 − 2c+ 9 ≡ (−7 + 4ab)− 2(2ab+ 1) + 9 ≡ 0 (mod p),
so p ∈ S(D).
The other direction of the claim is a bit trickier. The proof above relies on the fact that
if a and b are roots of A and B modulo p, then we may generate from a and b a root of
2There are many ways to prove irreducibility. We give a direct argument. By the rational root theorem
one sees that D has no rational roots. Thus, if D is reducible over Q, it must have two second degree
factors P and Q. Since D(
√
2 + i) = 0, one of the factors, say P , must have
√
2 + i as its root. On the
other hand, by the quadratic formula we get that the roots of P are of the form a ± √b, where a and b
are some rational numbers. By comparing imaginary parts we get that b = −1. This implies that a = √2,
which contradicts the irrationality of
√
2.
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D modulo p (simply by picking a+ b). For the other direction we pick some root d of D
modulo p and generate a root of A modulo p, and similarly for B. The method is not our
creation, but may be found in ([6], Theorem 2).
The idea is that the root α+ β of D was chosen so that Q(α, β) = Q(α+ β) (recall the
primitive element theorem). Therefore, there exists some polynomial A∗ such that
A∗(α+ β) = α.
In this case we may explicitly calculate that
A∗(x) =
5x− x3
6
.
Now, the polynomial A(A∗(x)) has α + β as its root, so it is divisible by the minimal
polynomial D of α+ β. Therefore,
A(A∗(x)) = D(x)E(x)
for some polynomial E ∈ Q[x], which in this case equals 136(x2 − 8).
Now, if p ∈ S(D) and d is an integer such that D(d) ≡ 0 (mod p), then we have
A(A∗(d)) = D(d)E(d) = D(d) · 1
36
(d2 − 8).
For p = 2 and p = 3 the denominator 36 is divisible by p, which causes problems. For
other p we get that the equation D(d) ≡ 0 (mod p) implies D(d) · 136(d2−8) ≡ 0 (mod p).
This proves that A(A∗(d)) ≡ 0 (mod p), so A has a root A∗(d) = 5d−d36 modulo p. Again,
the denominator causes problems for p = 2 and p = 3, but for other values this argument
works.
It is worth to take a moment to convince the reader that one may handle divisibility of
rational numbers in this way. For a rational number ab with gcd(a, b) = 1 and a positive
integer m we define m | ab if m | a. (Note that this implies gcd(m, b) = 1.) For convenience,
we always assume that the rational numbers are written in their lowest terms (with n = n1
for an integer n).
The following lemmas follow easily from the definition.
Lemma 4.1. Let m be a positive integer and let r1 and r2 be rational numbers such that
m | r1 and m | r2. Then m | r1 + r2.
Lemma 4.2. Let m be a positive integer and let r1 and r2 be rational numbers. Assume
that m | r1 and that the greatest common divisor of m and the denominator of r2 equals
1. Then m | r1r2.
The most difficult result we use related to this generalized definition is the following.
Lemma 4.3. Let P ∈ Z[x] and let p be a prime number. Assume that p | P (ab ) and p - b.
Then p ∈ S(P ).
In other words, a rational root modulo p implies an integer root modulo p, assuming
the numerator is not divisible by p.
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Proof. Let n = abp−2.3 We prove that P (n) ≡ 0 (mod p). Write P (x) = cdxd+ . . .+c1x+
c0. Since p | P (ab ), the number
bdP
(a
b
)
=
d∑
i=0
cia
ibd−i
is divisible by p. The right hand side is an integer. Consider it modulo p and use Fermat’s
little theorem to get
0 ≡
d∑
i=0
cia
ibd−i ≡ bd ·
d∑
i=0
cia
ib(p−2)i (mod p).
Since p - b, we have
0 ≡
d∑
i=0
cia
ib(p−2)i = P (n) (mod p),
and therefore p ∈ S(P ). 
We have therefore proven that for all p 6= 2, 3 we have that p ∈ S(D) implies p ∈
S(A) (and we similarly prove p ∈ S(B)). Looking back, we do have 3 ∈ S(D), but
3 6∈ S(A) ∩ S(B). This, however, can be dealt with by an elementary argument. Define
D3(x) =
D(9x)
9
,
so D3 ∈ Z[x], and 3 6∈ S(D3), as all coefficients of D3 are divisible by 3 except for the
constant term. One also sees that p ∈ S(D3) if and only if p ∈ S(D) for p 6= 3. Thus, one
may “fix” the polynomial D to not have 3 as its prime divisor.
The proof of the general case proceeds along similar lines, and many steps do not differ
much from the special case above. However, there are two steps which do not immediately
generalize. First, we must formalize the concept of considering “α modulo p” for an
algebraic number α. Secondly, we must formalize the proof of the part S(A) ∩ S(B) ⊂
S(D). There exists cases that are more difficult than the one considered above, such as
A(x) = (x2 − 123)2 − 789
and
B(x) = (x2 − 456)2 − 789,
where we have
α2 = β2 − 333
(for a suitable choice of α and β). This is a non-trivial relation between α and β that has
to be taken into account when simplifying polynomial expressions of α and β.
5 Proof of Theorem 2.1
We may assume n = 2, as the general case follows by induction. Define A = P1 and
B = P2. We first consider the case when A and B are irreducible over Q, and prove the
existence of an “almost working” D ∈ Z[x], meaning that S(D) and S(A) ∩ S(B) differ
by only finitely many primes.
3Note that, by Fermat’s little theorem, bp−2 is the inverse element of b modulo p. Thus, one may think
of n as “a
b
modulo p”.
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5.1 Almost working D for irreducible A and B
Our first results concern formalizing the idea of considering “α modulo p”.
Lemma 5.1. Let P ∈ Z[x] be irreducible (over Q), P (α) = 0 and P (a) ≡ 0 (mod p)
for some prime p and a ∈ Z. Assume that p does not divide the leading coefficient of P .
Then, for all Q ∈ Z[x] with Q(α) = 0 we have Q(a) ≡ 0 (mod p).
Proof. Let 0 6= b ∈ Z be the leading coefficient of P . Since P is irreducible, the minimal
polynomial of α is Pb . The polynomial Q has α as its root, so Q is divisible by the minimal
polynomial of α, and therefore Pb | Q. Therefore there exists R ∈ Q[x] for which Q = PR.
We shall prove by a proof by contradiction that the denominators of the coefficients of R
are not divisible by p. As Q(a) = P (a)R(a), we are then done by Lemma 4.2.
Let P (x) = pdP x
dP + . . . + p1x + p0 and R(x) = rdRx
dR + . . . + r0. Assume that
there exists such an index i that p divides the denominator of ri, and pick the greatest i
satisfying this condition. We look at the coefficient of the term xdP+i in Q. This is an
integer which is by Q = PR equal to ripdP + ri+1pdP−1 + . . . ri+dP p0, where we define
rj = 0 for j > dR. The denominator of the rational number ri+1pdP−1 + . . . + ri+dP p0 is
not divisible by p, but the denominator of ripdP is, so the sum is not an integer. This is
a contradiction, and therefore the denominator of ri is not divisible by p for any i. 
Let α be some algebraic number and let T = {1, α, α2, . . . , αdeg(P )−1} be a basis of the
Q-vector space Q(α), where P is the minimal polynomial of α. Define Zp(α) to be the
set of those r ∈ Q(α) whose representation by the basis T does not contain any rational
number whose denominator is divisible by p. If p does not divide the denominator of any
coefficient of P , the numbers Zp(α) form a ring, as one may express αn in terms of the
elements of T for n ≥ deg(P ) by repeated simplifying by using the equation P (α) = 0. A
rigorous proof can be given by proving αn ∈ Zp(α) by induction for all n, which we leave
to the reader.
The next lemma proves the existence of a homomorphism from Zp(α) to the set Fp of
integers modulo p. This result is critical, as it formalizes the idea of considering algebraic
numbers modulo primes mentioned earlier.
Lemma 5.2. Let P ∈ Z[x] be irreducible (over Q). Let P (a) ≡ 0 (mod p) for some prime
p and a ∈ Z , where p does not divide the leading coefficient of P . Let P (α) = 0. There
exists a ring homomorphism φ : Zp(α)→ Fp for which φ(α) = a.
Proof. Every x ∈ Zp(α) can be represented as x = Qx(α) for some Qx ∈ Q[x], where the
denominators of the coefficients of Qx are not divisible by p. We define φ(Qx(α)) ≡ Qx(a)
(mod p). Obviously this map is a homomorphism for which φ(α) = a. However, since the
polynomial Qx is not unique, we have to check that φ is well defined.
Assume x = Q1(α) = Q2(α). We want to prove Q1(a) ≡ Q2(a) (mod p). Let Q :=
Q1 − Q2, so we want Q(a) ≡ 0 (mod p) for all Q(α) = 0. We may multiply Q with the
product of the denominators of its coefficients, which is not divisible by p. The problem
is now reduced to the case Q ∈ Z[x], which has been handled in Lemma 5.1. 
We now turn to proving that there exists a polynomial D ∈ Z[x] such that S(A)∩S(B)
and S(D) differ by only finitely many primes, when A and B are irreducible polyno-
mials with integer coefficients. In what follows, α is some (fixed) root of A. Write
B = E1E2 . . . Et, where Ei ∈ Q(α)[x] are non-constant polynomials irreducible in Q(α),
and let βi be some root of Ei. By the primitive element theorem (or rather the proof of
it), for all 1 ≤ i ≤ t there exists ni ∈ Z for which Q(α, βi) = Q(α + niβi). Let Di be the
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minimal polynomial of α + niβi over Q multiplied by a suitable non-zero integer so that
Di ∈ Z[x].
For our desired polynomial D we choose D = D1D2 . . . Dt, and we now prove that this
choice works. This is done by the following two lemmas.
Lemma 5.3. Let A,B and D be as above. For all but finitely many p for which p ∈
S(A) ∩ S(B) we have p ∈ S(D).
Proof. Let p ∈ S(A) ∩ S(B) be given. We discard those finitely many primes p which
divide the leading coefficient of A. Let a and b be integers such that A(a) ≡ B(b) ≡ 0
(mod p), and let φ be a ring homomorphism Zp(α) → Fp for which φ(α) = a, whose
existence is guaranteed by Lemma 5.2 (as p does not divide the leading coefficient of A).
Consider the polynomial Di(α + nix). This is a polynomial whose coefficients are
in the field Q(α) and whose one root is βi. Therefore,4 it is divisible by the minimal
polynomial of βi (in Q(α)), that is, by Ei. Thus, there exists Fi ∈ Q(α)[x] for which
Di(α + nix) = Ei(x)Fi(x). Let D∗(x) :=
∏t
i=1Di(α + nix), and let F ∈ Q(α)[x] be the
product of Fi. We now have D∗(x) = B(x)F (x).
Discard those finitely many primes p for which the coefficients of F (x) do not all belong
to Zp(α). (Note that F does not depend on p.) We now have
0 ≡ B(b) ≡ φ(B(b)) ≡ φ(B(b))φ(F (b)) ≡ φ(B(b)F (b)) ≡ φ(D∗(b))
≡
t∏
i=1
φ(Di(α+ nib)) ≡
t∏
i=1
Di(a+ nib) (mod p).
Thus, we have p ∈ S(Di) for some Di, and therefore p ∈ S(D). As we have discarded only
finitely many primes along the way, this proves the lemma. 
The next lemma finishes the proof for irreducible A and B. As stated before, the idea
of the proof is not ours but may be found in [6].
Lemma 5.4. Let A,B and D be as above. For all except finitely many p for which
p ∈ S(D) we have p ∈ S(A) ∩ S(B).
Proof. Assume p ∈ S(D), so p ∈ S(Di) for some i. Since Q(α) ⊂ Q(γi), there exists a
polynomial A∗ ∈ Q[x] such that A∗(γi) = α. Since A(A∗(x)) has γi as its root, for some
polynomial F ∈ Q[x] we have A(A∗(x)) = Di(x)F (x), as Di is a scalar multiple of the
minimal polynomial of γi . It follows that for all except finitely many p we have p ∈ S(A).
Similarly, for all except finitely many p we have p ∈ S(B) if p ∈ S(Di). This proves the
lemma. 
5.2 Extending to the general case
We first prove that one may modify the prime divisors of a polynomial by any finite set
of primes.
Lemma 5.5. Let P ∈ Z[x] and p be given. There exists polynomials P+ and P− in Z[x]
with the following properties: a prime q 6= p is in either all of S(P ), S(P+) and S(P−) or
in none of them, p ∈ S(P+) and p 6∈ S(P−).
4We proved this implication for only Q before, but the proof immediately generalizes to minimal poly-
nomials over any field.
10 Olli Ja¨rviniemi
Proof. For P+ we may simply take P+(x) = pP (x). For P− we first note that if P (0) = 0,
then S(P ) contains all primes and we may take P−(x) = px+ 1. Otherwise, let pk be the
largest power of p dividing P (0). Now, define
P−(x) =
P (pk+1x)
pk
.
A direct calculation gives that P− has integer coefficients, and all coefficients except for
the constant term of P− are divisible by p. Therefore, p 6∈ S(P−). It is also easy to check
that q ∈ S(P−) if and only if q ∈ S(P ), when q 6= p is a prime, from which the claim
follows. 
We have thus proven Theorem 2.1 for irreducible A and B. We now extend this result
to the general case. We first note that we may take unions of sets of the form S(P ).
Lemma 5.6. Let P1, . . . , Pn be polynomials with integer coefficients. There exists a poly-
nomial D ∈ Z[x] such that
S(D) = S(P1) ∪ . . . ∪ S(Pn).
Proof. Take D = P1 · · ·Pn. 
For reducible A and B write A = A1 · · ·Aa, where Ai ∈ Z[x] are irreducible, and
similarly B = B1 · · ·Bb. The polynomials Ai and Bj may be chosen to have integer
coefficients by Gauss’s lemma (see [9], Chapter IV, Section 2). For each 1 ≤ i ≤ a and
1 ≤ j ≤ b let Di,j be such that S(Di,j) = S(Ai) ∩ S(Bj). By Lemma 5.6 there exists a
polynomial D such that
S(D) =
⋃
i,j
S(Di,j).
We have p ∈ S(D) if and only if p ∈ S(A) ∩ S(B), which proves Theorem 2.1.
Remark 5.7. If one defines m to be a divisor of P if m|P (n) for some integer n, then one
can similarly prove, more strongly, that the common divisors of A and B are the divisors
of D for some D. By the Chinese remainder theorem this is reduced to handling prime
powers, and for prime powers we have the following consequence of the Hensel’s lifting
lemma and Bezout’s lemma for polynomials: if P ∈ Z[x] is irreducible, then for all but
finitely many p ∈ S(p) the equation P (x) ≡ 0 (mod pk) has a solution for all k ≥ 1. The
result immediately follows for reducible P as well. One can prove in the spirit of Lemma
5.5 that one may alter the highest power of p which is a divisor of P for any fixed number
of p, except that one cannot set this highest power to be infinite. However, with enough
care one can prove that in the weak form we get that any such “strong” prime divisor of
A and B (i.e. a prime p such that pk is a divisor of A and B for any k) is a strong prime
divisor of D too. (One may in the irreducible case handle only monic A and B, and then
apply a suitable transformation of the form P (x) → cdeg(P )−1P (xc ) to reduce the general
case to the monic case.)
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6 Proof of Theorem 2.2
Ax ([1], Theorem 1) has proven the following statement. Let F1, F2, . . . , Fm be polyno-
mials in the variables x1, . . . , xn. The set of primes p for which the system
F1(x1, . . . , xn) ≡ 0 (mod p)
F2(x1, . . . , xn) ≡ 0 (mod p)
...
Fm(x1, . . . , xn) ≡ 0 (mod p)
has a solution may be expressed as a finite combination of unions, intersections and com-
plements of sets of the form S(P ), P ∈ Z[x].
In [5] the result of Ax is refined by Dries as follows: one may drop the words “unions”
and “complements” above, i.e. the set of p for which the system is solvable is a finite
intersection of sets of the form S(P ). By Theorem 2.1 this implies Theorem 2.2.5
We think that the reader may benefit from an explanation why the theorem should be
true. We give a very high-level overview of the ideas.
Intuitively, if in Theorem 2.2 the number of equations m is (much) larger than the
number of variables n, we have too many constraints and the system should have no
solutions, at least in generic cases. For example, consider the case m = 2, n = 1. If
F1, F2 ∈ Z[x1] are coprime (which is the generic case), one may apply Bezout’s lemma for
polynomials to deduce that the system is solvable for only finitely many p.
On the other hand, if m is (much) smaller than n, we have quite a lot of freedom in
the system, and intuitively there should be at least one solution to the system. Consider,
for example, the case m = 1, n = 2. Turns out that a generic two-variable polynomial has
roots modulo p for all but finitely many primes p (see the Lang-Weil bounds mentioned
below). However, there are some examples of two-variable polynomials which do not have
this property, such as (xy)2 + 1.
The idea of a “generic” system of equation and its “degrees of freedom” is made precise
via varieties. For each system F of polynomial equations we define the so-called variety
VF corresponding to the set of solutions of F . In this case, we are interested in varieties
defined over the field of integers modulo p. If VF is irreducible (i.e. can’t be expressed as
a proper union of two varieties) and of dimension at least 1 (one can think of this as F
having infinitely many complex solutions), the celebrated Lang-Weil bound gives that for
all except finitely many primes p the system F has a solution modulo p. In general, the
Lang-Weil bound gives a good approximation for the number of solutions of a system of
polynomial congruneces. See [16] for an accessible and more comprehensive exposition.
In the case VF has dimension 0 (so there are only finitely many complex solutions to F ),
the idea is that these finitely many solutions of F over C correspond to some finite vectors
of algebraic numbers. Whether or not these algebraic numbers correspond to integers
modulo p is determined by whether or not p is a prime divisor of a certain finite set of
polynomials. See also Proposition 2.7 in [5].
Combining these observations, it sounds believable that Theorem 2.2 holds. Indeed,
we have above proven that if the variety VF is irreducible (when considered over C), the
5It seems that the proof of Ax uses complemenets merely for modifying finite sets of primes in the sets
of the form S(P ). By Lemma 5.5 this can be done without using complements, and by Lemma 5.6 one
can take unions of sets of the form S(P ). Thus, it would seem that this gives a different way to obtain the
result of Dries than the one presented in [5].
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conclusion of Theorem 2.2 is true. Reducing the reducible case to the irreducible one is
by no means trivial. We refer the reader to Ax’s work [1].
7 The Frobenius density theorem
Before moving to the proofs of the remaining theorems we introduce the Frobenius
density theorem.
Let P ∈ Z[x] be a non-constant polynomial whose roots are α1, . . . , αn. The splitting
field FP of P is defined to be
Q(α1, . . . , αn).
We look at the isomorphisms σ sending FP to itself. An isomorphism is an additive,
multiplicative and bijective map sending 1 to 1. In the case P (x) = x2 − 2 we have
FP = Q(
√
2), and there are two such maps σ: the first is the identity sending a+ b
√
2 to
a+ b
√
2 for all a, b ∈ Q, and the second is the conjugation a+ b√2→ a− b√2.
In the general case, a direct calculation gives that the roots of P are mapped to each
other. Indeed, if we write P (x) = anx
n + . . .+ a0, we have for any i
P (σ(αi)) = anσ(αi)
n+. . .+a1σ(αi)+a0 = σ(anα
n
i +. . .+a1αi+a0) = σ(P (αi)) = σ(0) = 0,
so σ(αi) = αj for some j. Since σ is a bijection, it permutes the roots of αi. Furthermore,
if we know σ(α1), . . . , σ(αn), then we know the values of σ for all x ∈ FP .
The set of these isomorphisms σ is called the Galois group of FP (over Q), which
is denoted by Gal(FP /Q). This is a group with respect to composition. For example, if
σ1, σ2 ∈ Gal(FP /Q), then the map σ3 defined by σ3(x) = σ1(σ2(x)) is also an isomorphism
of FP to itself, and σ3 is therefore in the Galois group.
Each σ ∈ Gal(FP /Q) corresponds to a permutation, and we associate the permuta-
tion’s cycle type to σ. The Frobenius density theorem connects these cycle types to the
factorization of P modulo p for primes p. The statement is as follows.
Frobenius density theorem. Let P ∈ Z[x] be non-constant and let FP be the splitting
field of P . Let a1, . . . , ak be positive integers with sum deg(P ). Let N be the number of
elements in Gal(FP /Q) with cycle type a1, . . . , ak, and let S be the set of primes p for which
P factorizes as the product of k irreducible polynomials modulo p with degrees a1, . . . , ak.
The density δ(S) of S exists, and we have
δ(S) =
N
|Gal(FP /Q)| .
For more discussion on the theorem and its proof, see [10].
We are interested in applying the theorem in the case when some ai equals 1, which
corresponds to an element σ fixing some root of P , as this gives the density of the prime
divisors of P .
As the proof of the Frobenius density theorem is not easy, we try to convince the reader
of the fact that S(P ) has a positive density for non-constant P . Consider a prime p
such that P is not constant modulo p. (This discards only finitely many p.) Now the
equation P (x) ≡ r (mod p) has at most deg(P ) solutions for any r. Therefore, P attains
at least p/deg(P ) values modulo p. Heuristically, the value 0 should not be an especially
unlikely value. Thus, one would predict that δ(S(P )) is positive. In fact, the lower bound
δ(S(P )) ≥ 1deg(P ) suggested by this heuristic is true as well ([2], Lemma 3), the result
being a consequence of the Frobenius density theorem.
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8 Proof of Theorem 2.3
As noted in the last section, the lower bound δ(S(P )) ≥ 1deg(P ) for one polynomial
follows from the Frobenius density theorem ([2], Lemma 3). The lower bound for the
general case follows by proving that the degree of the D constructed in the proof of
Theorem 2.1 equals deg(P1) · · · deg(Pn). We consider the case n = 2 only, as the general
case follows by induction.
Consider first the case when A = P1 and B = P2 are irreducible. Then, using the
notation of the proof of Theorem 2.1, we have
deg(D) =
t∑
i=1
deg(Di) =
t∑
i=1
[Q(α, βi) : Q].
By using the fundamental multiplicative property
[Q(α, βi) : Q] = [Q(α, βi) : Q(α)][Q(α) : Q]
of the degrees of field extensions ([9], Chapter V, Proposition 1.2) we may simplify the
above as
deg(D) =
t∑
i=1
deg(A) deg(Ei) = deg(A) deg(B).
Consider then the case of reducible A and B. Let A1, . . . , Aa, B1, . . . , Bb and Di,j be
as in the proof. Now
deg(D) = deg
 a∏
i=1
b∏
j=1
Di,j
 = a∑
i=1
b∑
j=1
deg(Ai) deg(Bj)
=
(
a∑
i=1
deg(Ai)
) b∑
j=1
deg(Bj)
 = deg(A) deg(B).
Here is an example of an equality case for the inequality of Theorem 2.3. Choose Pi to
be equal to the kith cyclotomic polynomial, where k1, . . . , kn are coprime integers. Now if
p ∈ S(Pi), then by a well-known property of the cyclotomic polynomials6 we have either
p ≡ 1 (mod ki) or p | ki (see for example [12], Corollary 1), so by a quantitative version
of Dirichlet’s theorem
δ (S(P1) ∩ . . . ∩ S(Pn)) ≤ 1
φ(k1 · · · kn) =
1
deg(P1) · · · deg(Pn) .
We remark that non-cyclotomic examples exist too, such as n = 2, P1(x) = x
3−2, P2(x) =
x2 + x+ 1.
Note that this also proves that the construction of Theorem 2.1 is optimal (in the
sense of the degree of D) in some cases: if Pi are as above and D is chosen such that
S(D) = S(P1)∩ . . .∩S(Pn), then by the bound δ(S(D)) ≥ 1deg(D) we must have deg(D) ≥
deg(P1) · · · deg(Pn).
6The converse is true as well: if p ≡ 1 (mod ki), then p is a prime divisor of Pi. See for example [12],
Corollary 1 and Theorem 5.
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9 Proof of Theorem 2.4
The compositum field F of Theorem 2.4 is defined to be the smallest extension of
Q containing all of Fi. In this case F is the splitting field of the product P1 · · ·Pn. The
condition of Theorem 2.4 corresponds to a certain kind of independence of the polynomials
Pi.
Let G = Gal(F/Q) and Gi = Gal(Fi/Q). Consider the map G → G1 × G2 × . . . × Gn
defined by
σ → (σ|F1, . . . , σ|Fn).
Here σ|Fi denotes the restriction of σ ∈ G to the field Fi, so σ|Fi is the map defined on Fi
which agrees with σ. This map is injective ([9], Chapter VI, Theorem 1.14).7 Since by the
assumption8 we have |G| = |G1| · · · |Gn|, this map must be a bijection. This proves that
G is isomorphic to the product G1 ×G2 × · · · ×Gn. Now an application of the Frobenius
density theorem yields the equality of the theorem, as the number of elements of G fixing
at least one root of each Pi is the product of the corresponding quantities for the groups
Gi, and the size of G is equal to the product of the sizes of Gi.
10 Proof of Theorem 2.5
Before the main proof we prove that there are many kinds of polynomials P with
δ(S(P )) = 1n for a fixed n ≥ 2. This is done by the following three lemmas.
Lemma 10.1. Let k ∈ Z+. Let S be the set of those n for which 1 ≤ n ≤ k and for which
n and k are coprime. Let H be some subset of S which is closed under multiplication,
when multiplication is considered modulo k. There exists a polynomial P ∈ Z[x] with the
following properties:
(1) p ∈ S(P ) if and only if p ≡ h (mod k) for some h ∈ H.
(2) The splitting field FP of P is a subfield of Q(ζk), where ζk is a primitive kth root
of unity.
Proof. The result was first proven by Schur, but since the original work is difficult to find,
we refer to the (modern) exposition given by Ram Murty and Nithum Thain in [12]. The
first property of the lemma follows from their Theorems 4 and 5, and the second property
follows from the construction. Note that in Theorem 4 of [12] it is stated that there may
be a finite number of expectations, but these can be handled by Lemma 5.5. 
Lemma 10.2. Let n ≥ 2 be an integer. There exists infinitely many primes p for which
there exists a P ∈ Z[x] satisfying the following conditions:
(1) δ(S(P )) = 1n .
(2) The splitting field FP of P is a subfield of Q(ζp).
Proof. By Dirichlet’s theorem there exists infinitely many primes p such that p ≡ 1
(mod n). Pick such a p and write p = mn + 1, m ∈ Z. Let H be the unique sub-
group of (Z/pZ)∗ (the non-zero elements modulo p) of size m. Let P be as in Lemma 10.1,
so p ∈ S(P ) if and only if p ≡ h (mod p) for some h ∈ H. By Dirichlet’s theorem we have
δ(S(P )) = |H|p−1 =
m
p−1 =
1
n . Thus, property 1 is satisfied for this P . Property 2 follows
from the choice of P and Lemma 10.1. 
7In the reference the result is stated for n = 2 only, but the same proof works in the general case.
8Note that the size of the Galois group equals the degree of the extension ([9], Chapter VI, Theorem
1.8)
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The following lemma provides a way to “merge” to a polynomial P a polynomial Q
with δ(S(Q)) = 1n such that P and Q are independent in the sense of Theorem 2.4.
Lemma 10.3. Let P ∈ Z[x] and n ≥ 2 be arbitrary. There exists a Q ∈ Z[x] which
satisfies the following conditions:
(1) δ(S(Q)) = 1n .
(2) FP ∩ FQ = Q, where FR denotes the splitting field of R.
Proof. By Lemma 10.2 there exists arbitrarily large primes p and polynomials Qp for which
δ(S(Qp)) =
1
n and FQp ⊂ Q(ζp). It suffices to prove that at least one of these Qp is such
that its splitting field does not intersect the splitting field of P non-trivially. Assume the
contrary. Thus, for infinitely many primes p we have FP ∩Q(ζp) 6= Q.
The fundamental theorem of Galois theory tells that there is a correspondence between
the subgroups of Gal(FP /Q) and subfields of FP . The theorem tells that, in particular,
the number of subfields of FP is finite ([9], Chapter VI, Corollary 1.6). Therefore, there
exists two distinct primes p1, p2 for which FP ∩Q(ζp1) = FP ∩Q(ζp2) = K 6= Q. This is a
contradiction, as we have Q(ζm) ∩Q(ζn) = Q for any coprime integers m,n ([9], Chapter
VI, Corollary 3.2). 
We now prove by induction with respect to k that for all mk there exists a polynomial P
with δ(S(P )) = mk , when 0 ≤ m ≤ k, m, k ∈ Z, k ≥ 1. The case k = 1 is clear, so assume
the statement holds for k = n − 1, and prove it for k = n ≥ 2. Thus, we want to prove
that for all 0 ≤ m ≤ n there exists a polynomial for which its density of prime divisors is
m
n . This is clear for m = 0, so assume m > 0. By the induction hypothesis there exists a
polynomial P for which δ(S(P )) = m−1n−1 .
Let Q be as in Lemma 10.3 so that δ(S(Q)) = 1n and FP ∩FQ = Q. The latter property
is equivalent to the condition of Theorem 2.4 (see [9], Chapter VI, Theorem 1.14 and the
proof of Theorem 2.4), so we have δ(S(P ) ∩ S(Q)) = δ(S(P ))δ(S(Q)) = m−1n(n−1) . A direct
calculation now gives
δ(S(PQ)) = δ(S(P ) ∪ S(Q)) = δ(S(P )) + δ(S(Q))− δ(S(P ) ∩ S(Q)) = m
n
.
This completes the induction, thus proving Theorem 2.5.
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